A global scaling property for bifurcation diagrams of periodic orbits of smooth scalar maps with both one and two dimensional parameter spaces is examined. It is argued that for both parameter spaces bifurcations within a periodic window of a given scalar map are well approximated by a linear transformation of the bifurcation diagram of a canonical map.
mated by a pure quadratic map, and the canonical bifurcation diagram in the one-parameter case is found to be that of the quadratic family x -*• h -x2. In our work, we formulate precise conditions under which we can prove a close linear correspondence between a given periodic window and the canonical diagram, and discuss the consequences of this result.
In the two-parameter case, the orbit will be super stable along a curve in parameter space. In general we expect that along lines transverse to the curve of su perstability, the bifurcation diagram will resemble a one-parameter diagram to which the above scaling result applies. Indeed this should always be the case of the map has only one critical point. However, if the map has more than one critical point, then somewhere along the curve of superstability we can expect the orbit to become "doubly superstable" -to include a second critical point. Near such a point, as shown in [2] , we find that the parameter region of stability for the orbit is at its thickest, and the bifurcation diagramm is not well described by the one-parameter scaling result.
Near a doubly superstable orbit of period n, the nth iterate of the map is well approximated by the compo sition of two quadratic maps, each of which depends linearly on the parameters. Typically each will depend on a different linear combination of the parameters, and a linear change of coordinates leads to the canon ical two-parameter family x -> (x2 -a)2 -b. In our work, we state and prove [2] result for this case and discuss its ramifications.
For two-parameter families of maps [4] , [5] , instead of a bifurcation diagram which includes both parame ter and phase space variables, one generally draws the diagram entirely in parameter space, assigning colors 0932-0784 / 94 / 1200-1207 $ 06.00 © -Verlag der Zeitschrift für Naturforschung, D-72027 Tübingen or shading to regions according to the dynamics of the corresponding map. A common shape has been observed, and has been referred to as a "shrimp" [6] . This shape is seen in Fig. 1 , which shows the bifurca tion diagram for the canonical family of maps x->(x2 -a)2 -b.
To understand the linear scaling, consider a window in the chaotic regime for xn + l = ß -x2 as seen in Figure 2 . Let n0, /id, and /zc denote the values of fi at the initial saddle-node bifurcation, the first perioddoubling bifurcation, and the final crisis. Then from the normalized crisis value for that window followŝ c = (^c-^o)/(^d-/^o)-
For many of the windows, mc is close to |. Further more, this tendency increases as the window size be- comes smaller. We claim that the following statement applies to any chaotic dynamical process with win dows.
1.
Pick any small e > 0 and some interval of the system parameter which includes attracting chaotic or bits. Determine the fraction of windows ofperiod < n in the chosen parameter interval for which mc deviates from | by an amount than e, \ m c -|| <e. Then this fraction will approach 1 as n-+ oo, no matter how small e is.
Several comments are in order concerning State ment 1:
(a) It appears that the period n does not have to be very large for many of the observed mc to be close t o f-(b) The reason for our formulation of Statement 1 in terms of the fraction of windows is because, even for arbitrarily high-period windows there may be some few for which mc deviates substantially from f .
(c) Statement 1 relates the global properties of a window in that mc is a property of the map for the entire range of n within the window.
(d) An alternative statement to Statement 1 would be that, within a period n window, the dynamics gen erated by the nth iterate of the map, when linearly rescaled, is typically well approximated by the canon ical one-dimensional quadratic map,
where this form is such that the original saddle-node bifurcation and the first period doubling occur at m = 0 and m = 1, respectively. Thus normalizations as in (1), are automatic [e.g., for (2) the final crisis is at m = J].
(e) Remark (d) implies that the choice of the quan tity mc is somewhat arbitrary in that a statement analogous to Statement 1 applies to any other param eter value marking a characteristic event in the win dow; e.g., replace (1) by m3 = (p3 -n0)/(nd -^0), where n 3 marks the beginning of the period-3 n win dow within the period-n window.
Concerning comment (b), an illustration is instruc tive. The quadratic map, xn + 1 = p -x 2, has a period-3 window within its chaotic band (Fig. 2) , and the value of mc for this window is f -0.074... Now consider a c 4 period-n window with n large, and assume that (2) provides a good approximation to the dynamics within this window. Clearly, within this window there is a period-3 n window with mc approximately equal to | -0.074... Thus, if one considers the class of win dows of period 3n which occur as windows within period-n windows, then, for this class, mc is not ex pected to approach | as n -> oo (rather it is expected to approach | -0.074...). However, according to our claim in Statement 1, as n is made large, if one consid ers all orbit of period-3 n (not just those which occur as windows within period-n windows), then the vast majority will have mc closely approximated by |. In this respect the type of universal behavior discussed here differs from other previously studied universal behavior.
Statement 1 is established rigorously [2] . Next we present an intuitive argument of its validity. Consider a period-n window with n 1. At the final crisis for the window there will be n chaotic bands, St, S2,...,Sn, each of width sl5 s2, ..., s", where we have that under the action of the map S1->S2->...->S"-+S1, and we choose Sx to include the critical point, i.e., the maxi mum of the map function. (There must be one such interval, since otherwise there would be no folding and hence no chaos.) We assume for now that the Sj are small and that for j ^ 1 the location of the Sj are suffi ciently far from the critical point that the map in the intervals S2,S 3,...,S n may be regarded as approxi mately linear. Let Aj denote the magnitude of the slope of the map function in the middle of the interval j (j /1). Thus Sj + j £ Aj S j,n > j> 2, and s2 = K s j. (For example, K = j for xn + 1 = p -x2.) Application of these estimates to the entire cycle yields sx = K A" ~1 sj, where A is defined by A" ~1 = A2 A3 ... An, and we call A the reduced Lyapunov number. Thus <"-*>,
Sj ~ a _2(" _1) + 0_2), n + l> j > 2.
Typically we expect A to be almost constant within the window and larger than 1, reflecting the fact that the orbit, for parameter values outside the window, is chaotic. Within the assumptions above, the n-times iterated map restricted to can be regarded as the composition of one map, which is quadratic, with n -1 approximately linear maps. The result is an ap proximately quadratic map. The typical closest ap proach of one of the Sj(j = 2 ,..., n) to the critical point is 1 /n, which is much greater than Sj since 1 / n > / T (n' 1),
for large n. As n increases, (5) becomes better and better satisfied, and we expect that the composed map is more and more closely approximated by a quadratic map. Furthermore, the range of p. within the window is small; in fact, as we shall show, /ic-M o~A '2(n' 1).
Thus the variation of the Aj with p can be neglected, and the effect of varying p. is predominantly that of raising or lowering the level of the critical point. Hence the n-times composed map can, under linear rescaling, be put in the form of (2) and Statement 1 follows. This will be shown in more detail shortly. To see why we must formulate Statement 1 in terms of the fraction of orbits, recall our assumption in the above heuristic argument that the closest approach of Sj{j = 2 , ..., n) to the origin was ~ 1 /n. This statement is based on the idea that the orbit for j = 2,..., n is, in some sense, like a chaotic orbit with Lyapunov number A. According to this point of view, most of the period-n orbits will satisfy our assumption. How ever, when considering all the ~ 2" " l/n windows of period-n, there is always some "probability" that one of the elements Sj for n > j > 2 will fall too close to the critical point for the linear approximation to hold. As we look at higher n and include more orbits, we should encounter some band orbits of this type. We now outline more formally how the rescaling yielding Eq. (2) 
where the error in (7) can be shown to be small for large L = A" ~1 (i.e., large n), provided that points of the x orbit, other than the xnk, do not come too close to x = 0, as in (5). Finally, if we set p = f vv(0,0) v/2, m = f vv{0,0) f q(0,0) q/2, (7) becomes (2) . [Note, in addi tion that the scaling q = (p -p0) L2 implies the esti mate, (7).]
In conclusion, we have argued that typical period-n windows exhibit a global scaling structure. Numeri cally, we find that the scaling is already apparent at low n.
